SOLUTION OF NONSTEADY HEAT-CONDUCTION
PROBLEMS FOR A HOLLOW CYLINDER ON AN
ANALOG COMPUTER

N. Yu. Taits, Yu. F. Gorshkov, UDC 536.2,01
and 8. V. Ryabushko

We discuss the use of the MN-7 analog computer to solve the differential heat-conduction
equation for a hollow cylinder in the case of boundary conditions of the second and third
kinds, with uniform initial temperature distribution.

The solutions in the literature [1-6] for the problems of nonsteady heat conduction for a hollow cyl-
inder encompass the simplest cases, or those which have little practical significance. Computer techniques
permit us to find solutions for the most complex of physical problems [7-9].

In [10] we find a scheme and method for the solution of the problems of nonsteady heat conduction for
a hollow cylinder under boundary conditions of first kind on an MN-7 analog computer.

Below we discuss the solutions for the problems of nonsteady heat conductionforahollow cylinder in
the case of boundary conditions of the second and third kinds, as derived by means of the MN-7 analog com-
puter.

An unbounded hollow cylinder, at the initial instant of time, exhibits a uniform temperature (ty) through
the cross section. Let us examine two cases of the solution of the differential heat-conduction equation for
a cylinder with inside-to-outside radius ratios of 0.3, 0.5, and 0.7, at a constant temperature for the ambient
medium: 1) between the medium and the two surfaces of the cylinder there is transfer of heat in accordance
with the law of convection; 2) between the medium and the outside surface of the cylinder there is transfer
of heat in accordance with the law of convection; the inside surface is ideally insulated against heat.

The solution of the problem includes the
following parts: a) conversion of the differential
heat-conduction equation to machine form; b) solu-
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the physical problem.
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Fig.1. Relative temperature of the hollow cylinder 0= ﬁl: K=
for K=0.3; Bi =2; A=0:1) 6,=04 2) 03 3) 05 4 0T rav out
045 5) 6. The initial condition is 9(0; x) = 1.
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The boundary conditions (for the first case):

Byy =0,
B _Bie(Fo; 1)y
x==1
a0 .
b = — Bi A8 (Fo; K).
o0x =K (2)

The hollow cylinder is divided radially into
z layers of identical thickness,

Using the method of finite differences, we write
the relative temperature (g) as a function of the Fo
number for the surfaces of the cylindrical layers in
the form of the ordinary differential equation

66
1 0,5h
R Y W 4 )ei — 28,
9’ hz[(\TK"i—ih/ "
0,50
1"—"—’_— ei- 1
+( K+ih) ‘] (3
a4
wherei =1,2,3,,..,z -1,

With (3) the partial differential heat-conduc-
tion equations is replaced by a system of z — 1 or-
dinary differential equations,

g ?
Fig.2. Maximum temperature difference Af,,,.
= 0, — 85 in a cylinder with K = 0.3 (a) and various

The boundary conditions in finite differences
are written as follows:

values of K (b) for heat transfer between the side 8 —8 _p; 0, o 0,= 924' :
surface on the outside and the medium: a: 1) Bi Ax 1+ Bik
=1; 2) 2; 3) 5; 4) 10; b: 1) K =0.1; 2) 0.3; 3) 0.6; 8,— 0, . 0,
A0 = A 0y = —————— .
4) 0.8; 5) 0.9. Ax Bidly o So=Tgan @

With z = 5 and boundary conditions (4) we com-
piled the following system of ordinary differential
equations:
8 = — a,,0; + ap0;;
0, = @y0; — 250, + doaBs;
2 1V (5)

0 = g0y — age0; + 23,0
0, =05 — a,0,.

The computer systems of equations have been derived in the following form:

Up=— kyUy =+ kplUs,
Uy = ko Uy — kypUy + kU

, 8
Us = kyUy — kygUs + kU (6)

U; = k@sus - kMUA-

The numerical values of the constants in the computer systems of equations for the nonsteady heat~
conduction cases under consideration are given in Table 1.

The solutions of the systems of equations (5) derived after conversion of the solutions of the computer
systems of equations (6) are shown graphically, As an example, Fig.1 shows the curves for a hollow cylin-
der: the dashed line shows the approximate values of the relative temperature for the side surfaces, these
having been calculated in accordance with the boundary conditions.

Figure 2 shows the maximum temperature difference across the cylinder, determined by means of the
curves in Fig. 1,

With boundary conditions of the second kind we solved the differential equation (1) for the cylinder,
and in this equation;
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TABLE 2. Constants in the Equations of the Computer Systems and
the Scales for the Representation of Relative Time

E)
kL
M
Boundary conditions K @ Fo & E kay Rep | kg kg
Sl=
<
YoutRouthw- 0,3 1 {0,005 1 0,295 |0,295}0,300] 0,295
o=91—ﬂ‘——t——*): 0,5 1 10,004] 1 0,432 |0,432|0,367|0,372
(fmax—tmin 0,7 1 0,001 I 0,289 10,28010,1601 0,268
By = By SoutRouih
thax—tmin)
By=01; 0,3 0 0,005] 1 0,295 |0,295] 0O 0,225
doutRout? 051 0 |0,004] 1 0,432 10.432| 0 |0.372
By = By 0,71 0 |0,001] 1 0,289 [0,289] 0 {0,268
thax‘—tmm)
Boundary conditions kaz kaa | kaz | ke | kas | ke | ke | By
YourRouth® 0,510 |0,285]0,230]0,510|0,280|0,235, 0,285 0,387
8o = 1—7:(7—_7"7-); 0,800 |0,428|0,37610,800]0,424|0,376|0,426 | 0,422
max—min 0,556 |0,288/0,268.0,556}0,2880,269|0,289:0,172
) doutRouth
5 — Y47
thax"”tmin)
By =0y, 0,510 [0,285!0,23010,510|0,280{0,235(0,285/|0,387
doutRouth 0,800 {0,42810,3760,800|0,424|0,376|0,426| 0,492
Uy = Vg = 0,556 |0,288]0,268 0,556 |0,2880,269|0,28010.172
}v(tmax_fmm)
0 = t— tmin
tmax—‘tmin
The boundary conditions (for the first case)
aj i N qoutRout .
ox ‘x:l }“(Z‘max—‘tmin)
(7)
09 _ __YoutRoutt?

ox x:K— A (tmax - Z‘mm) .

With the finite differences the boundary conditions were converted to the form (z =5)

9, —6; - YouRout or B =0, — doutRouth :

h A (tmax — Lrain) M (tmax — Lonin) @
6 —8, _ _douourw or 6,0, — _dourRouthw

h A (tnax — tmin) A tnax — frain)

For the boundary conditions (8) we derived a system of differential equations of the following form:

GourRourh®
0 = — a8, + aph, — byy ——————;
1 1101 1+ @l — by Mo — 13
0, = y0; — g0, + G305 {9)
B, = gy — 5B + 25,0,
dourRoutl

0, =0,0;,—~a,b8, —by ——
4 43V3 4574 45 .
A (tmax - tmin)

The computer systems of equations corresponding to systems (9) are the following:
Ur=—kyU, + kol — k Uy Us = kU, — kU, + kyyUs;

. , (10
Us = kU, — kU + kU Us = kU, — kU, — &,U,,.
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The schemes for the set of problems relating to a hol-
low cylinder for boundary conditions of the third and second

940

/|

kinds differ from each other ounly in the additional resistances
and voltages simulating the quantities

N

916

YoutRourhw

by, et et
\\ N A (tmax - tmin)

5 YourRouth
A (tmax - z‘min)

The numerical values of the constants in the computer
systems of equations for the cases of nonsteady heat conduc-
tion examined here are shown in Table 2.

LY

006

For ky; = ky, the systems of equations proved to be un-

1)

stable. By means of a v-transformation we derived stable

0 904

92; 3) 03; 4) 94.

008 or2 a16 Fo
Fig.3. Relative temperature of the hol-
low cylinder for K = 0.3, (ggutRout)

/l(tmax“tmin) =Lw=0:1) §y=642)

systems. The coefficients with identical subscripts were as-
cribed new values as a result:

Bli=k4v= 0345; 0,482 0,309; 0,345: 0,482 0,309;
K, = kL =kp+v=Fky+v= 0,560; 0,850; 0,576; 0,560; 0,850; 0,576.

The following sequence was adopted for the solutions of
the problems: initially we solved the converted machine sys-

tems of equations; the solutions of these equations were converted into solutions of the computer systems
(10), and the latter were converted into solutions for the systems of equations (9).

The initial voltages (Uj,) and the voltages simulating the free terms (Uy) were assumed to be equal to

50 V.

Figure 3 shows the curves for certain cases of nonsteady heat conduction in the case of boundary con-
ditions of the second kind.

t

to

tay

T

Rout

FO = aT/R%)ut
a

T

K = Rin/Rout
Rin

Bi = aputRout/A
Cout

A
A = ajp/cout
Qin

6/ =d6;/d Fo;
h=(1-K/z
Kips Kygs e o+ > Ky
kij = Mroaij;
a1J

MFo = Fo/tg

tC

@ = din/dout
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NOTATION

is the temperature, °C;

is the initial temperature of the cylinder;

is the average temperature;

is the instantaneous cylinder radius;

is the outside cylinder radius;

is the Fourier number;

is the coefficient of thermal diffusivity;

is the time;

is the cylinder radius ratio;

is the inside radius;

is the Biot number;

is the coefficient of heat transfer between the outside surface of the cylinder and the
medium;

is the coefficient of thermal conductivity;

is a relative quantity;

is the coefficient of heat transfer between the inside surface of the cylinder and the me-
dium;

is the relative thickness of the cylindrical layer;
are the constants for the computer systems of equations;

arethe constants inthe systems of ordinary differential equations;

is the scale for the representation of the relative time;

is the computer time, sec;

is the ratio of the heat-flux density at the inside surface of the cylinder (qijp) to the heat-
flux density at the outside surface on the side (gout);



tmins tmax are the finite minimum and initial maximum temperature,

uniform through the cross section of the cylinder;

ky =byshw (MFoMy/Mg)v ky =b45h(MFOMy/M9) are constants in the computer systems (10);

My = 0/U is the scale for the representation of the relative tempera-
ture, 1/V;

l\/Iy = (qoutRout/thax — tmin))(l/Uy) is the scal/e for the representation of qoutRout/thax
~tmin)» 1/V.
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